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The gravitational wave measurements of spin-induced multipole moment coefficients of a binary black hole
system can be used to distinguish black holes from other compact objects [1]. Here, we apply the idea proposed in
Ref. [1] to binary systems composed of intermediate-mass and supermassive black holes and derive the expected
bounds on their Kerr nature using future space-based gravitational wave detectors. We demonstrate this method
for an astrophysical population of binary black holes distributed uniformly in the comoving volume and show that
the space-based gravitational wave detectors LISA and DECIGO would be able to measure both spin-induced
quadrupole and octupole moment parameters with errors smaller than ≤ 1 for 13% and 89%, respectively,
of the total population. If we consider basic DECIGO (DECIGO-B) configuration with a more conservative
lower cut-off frequency, 8% of the total population gives errors on both spin-induced quadrupole and octupole
moment parameters ≤ 1. We also discuss how the bounds on spin-induced quadrupole moment coefficients
of intermediate-mass ratio inspiraling compact binaries may be translated to certain theoretical models which
describe parametric deviations from Kerr black holes using space-based gravitational wave detectors.
I. INTRODUCTION
Detection of binary black hole mergers by Laser Inter-
ferometric Gravitational wave Observatory (LIGO) and
Virgo detectors [2, 3] have firmly established the exis-
tence of stellar mass black holes [4–11]. The masses of
detected compact binary systems, in the source frame,
roughly range between 7−80M [8]. Various electromag-
netic observations tell us that there exists a supermassive
black hole of mass ∼ 105 − 1010M at the center of each
galaxy [12]. Observational evidence for supermassive
black holes (SMBHs) include the quasar observations
from the Sloan Digital Sky Survey [13], a recent study
with combined informations from the Sloan Digital Sky
Survey, the two Micron All Sky Survey and the Wide-
field Infrared Survey Explorer [14] and yet another quasar
(ULAS J1120+0641) with mass ∼ 2×109M at a redshift
of ∼ 7.085 which was identified by the United Kingdom
Infrared Telescope (UKIRT) Infrared Deep Sky Survey
(UKIDSS) Eighth Data Release in 2010 [15]. The forma-
tion mechanism of such systems are still not completely
understood though there are predictions for the formation
of supermassive binary black holes through galaxy merg-
ers [16]. The first ever image of a supermassive black
hole which is situated at the center of the elliptic galaxy
M87 is produced by the Event Horizon Telescope (EHT).
This radio source is situated around 16 Mpc away from
us with a mass of ∼ 6.5 × 109M [17].
The mass gap between stellar-mass and supermas-
sive black holes is expected to be filled by intermediate-
mass black holes (IMBH) having masses in the range
∼ 102−105M. Indirect evidence for IMBHs from electro-
magnetic observations are promising and also motivates
new proposals for GW detectors in the corresponding
frequency range. Their formation channels are yet to be
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understood completely. An ultra-luminous X-ray source
in the spiral galaxy ESO 243-49 predicted the existence
of an IMBH of mass at least 500M [18]. Another im-
portant observational evidence for IMBHs came from the
X-ray quasi-periodic oscillations from M82 X-1, which
is the brightest X-ray source in the galaxy M82 [19]. In
Ref. [20], authors demonstrated the existence of an elec-
tromagnetically dark black hole in the globular cluster 47
Tucanae with mass ∼ 2300Mfrom the observed pulsar
acceleration rates together with N-body simulations.
From a fundamental physics stand point, one would
like to understand how consistent are these observations
with Kerr black holes of general relativity (GR). The
detected GW events till date are in agreement with general
relativity as verified by several tests [21–34]. But we
cannot fully rule out the possibility of alternatives such as
boson stars (BSs) [35], gravastars (GSs) [36] etc which
can mimic the binary black hole signals [37, 38].
A novel method to test the binary black hole nature of
the compact binary system hence to distinguish it from
BH mimickers by measuring the spin-induced quadrupole
moments was proposed in Ref. [1]. Projected bounds on
the Kerr nature of the binary systems for various mass
and spin configurations was demonstrated in the context
of both ground and space-based GW detectors in Refs. [1,
39].
Spin-induced multipole moments arise due to the spin-
ning motion of the compact object and was first intro-
duced in the context of inspiralling compact binary sys-
tems in Ref. [40]. The leading-order effect is the spin-
induced qaudrupole moment which appears first at sec-
ond post-Newtonian (2PN) order in the post-Newtonian
waveform models along with quadratic spin terms. Spin-
induced quadrupole moment coefficient for a compact
object can be schematically represented as Q = −κ χ2 m3
where κ = 1 for Kerr BHs and κ ∼ 2 − 14 [41–43] for
neutron stars (NSs) and κ ∼ 10 − 150 for boson stars
(BSs) [44]. The next-to-leading order term is called
the spin-induced octupole moment parameter which is a
3.5PN effect appearing with cubic spin terms in the phas-
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2ing formula. The schematic representation of the spin-
induced octupole moment parameter is, O = −λ χ3 m4
with λ = 1 for Kerr BHs and λ ∼ 4 − 30 [41–43] for
NSs and λ ∼ 10 − 200 for BSs [44]. We define the sym-
metric combinations of the spin-induced quadrupole and
octupole moment coefficients as, κs = 12 (κ1 + κ2) and
λs =
1
2 (λ1 + λ2), where the subscripts 1 and 2 denote the
two objects in the compact binary system. The values
of κs and λs are unity if the binary system is composed
of two black holes. Here we address the possibility of
measuring spin-induced quadrupole and octupole moment
coefficients of supermassive and intermediate-mass binary
black holes using the proposed space-based gravitational
wave observatories.
Ground-based second-generation GW detectors started
their third observation with improved sensitivity [45, 46].
There are proposals for third-generation ground-based
GW detectors with enhanced sensitivity such as Einstein
Telescope (ET) [47] and Cosmic Explorer (CE) [48–50].
Third-generation GW detectors can probe up to 1 Hz
with their design sensitivities unlike the case of second-
generation detectors where the sensitivity is not good
when the frequency is less than 10 Hz.
The sensitivity of ground-based gravitational wave de-
tectors at lower frequencies is limited by the seismic
noise [51, 52]. In order to overcome this and to extend the
gravitational wave frequency spectrum to even more lower
frequency regions we need to have detectors which oper-
ate at frequencies less than 1 Hz [53–57]. Proposed space-
based gravitational wave detectors will have the capability
to probe gravitational wave frequencies from a few milli-
Hz to tens of Hz. Laser Interferometric Space Antenna
(LISA) [55, 58, 59] and DECi-hertz Interferometer Grav-
itational wave Observatory(DECIGO) [56, 57, 60, 61]
are two proposed space-based gravitational wave detec-
tors. The former is already funded and is expected to
be operational by 2032, DECIGO is currently a pro-
posal whose science potential is being assessed. The Big
Bang Observer (BBO) [53, 62] is also a proposed space-
based gravitational-wave detector designed to search for
inflation-generated GW background which has very simi-
lar frequency range as that of DECIGO.
The technology demonstration mission for the space-
based GW detector LISA, called the LISA Pathfinder
mission [55, 58, 59] was launched successfully in Decem-
ber 2015 and demonstrated some of the key technologies
LISA will use.
Another proposed space-based gravitational wave de-
tector, DECIGO is designed to bridge the gap between
terrestrial GW detectors and LISA and is expected to op-
erate in the deci-Hz band [56, 57, 60, 61]. Though the
DECIGO configuration was initially designed to probe the
signatures of early universe including cosmic acceleration
and gravitational wave background from inflation [60],
one could also look for intermediate-mass black hole bina-
ries with masses of the order of a few (hundred) thousand
solar masses [63], along with binary neutron stars and
stellar mass binary black holes [64, 65].
In this paper, we investigate the measurability of spin-
induced quadrupole and octupole moment parameters of
supermassive and intermediate-mass binary black holes
using LISA and DECIGO detector configurations for this
study, respectively. Further, we show that the proposed
LISA and DECIGO detectors allow us to measure both
spin-induced quadrupole and octupole moment parame-
ters, with reasonably good statistical errors, by consider-
ing an astrophysical population of binary black holes. In
Ref. [66], authors proposed a theory-agnostic framework
to test the black hole nature of the central object in an
extreme mass ratio inspiralling compact binary system
following Ref. [67] by introducing the quasi-Kerr space
time. In this formalism, the deviation from the Kerr nature
is parametrized using a generic quadrupole moment de-
viation parameter and we call it as the idea of quasi-Kerr
parameter which takes value zero for Kerr black holes.
In the final section, we discuss the constraints we get on
the generic quadrupole moment parameter of quasi-Kerr
geometry introduced in Ref. [66] for intermediate-mass
ratio inspiral (IMRI) binaries using DECIGO and LISA.
We start with a brief description of the method and the
parameter estimation technique we use for this analysis
in Sec. II. In the next section, Sec. III, we detail the main
results obtained from our study.
II. DETAILS OF THE ANALYSIS
We consider two different scenarios with DECIGO, ba-
sic DECIGO or DECIGO-B [57, 60] with a conservative
low frequency cut-off of 10−1Hz and DECIGO [64] at its
designed sensitivity (which we refer to as DECIGO) with
a low frequency cut off of 10−2Hz. As expected, due to the
improved sensitivity, bounds expected from DECIGO are
much better than DECIGO-B, in general. For this analysis
we assume both the constituents of the binary have the
same multipole coefficient, i.e., κ1 = κ2 and λ1 = λ2. This
implicitly assumes that the binary constituents to be of
the same type, for example two boson stars with a given
value of spin-induced multipole moment coefficients.
A. Waveform model
The waveform model we employ is the same as that of
[39] which is a post-Newtonian waveform model [68–79]
that describes the inspiral dynamics of a non-precessing
compact binary system. This has 4PN 1 accurate point
particle phase and leading (second) harmonic and its cor-
rections are incorporated up to 2PN in the amplitude.
The aforementioned waveform explicitly contains spin-
induced quadrupole moment terms at 2PN, 3PN and
3.5PN in the phasing formula and at 2PN order in the
amplitude. Spin-induced octupole terms appear at 3.5PN
of the gravitational wave phasing (See Sec. 2 of [39] for
more details).
1 At 4PN only the spin-orbit terms are available.
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FIG. 1: (left panel): Noise PSDs of LISA, DECIGO and DECIGO-B configurations. (right panel): Signal-to-noise ratios for LISA,
DECIGO and DECIGO-B (dashed curve assumes 10−2Hz and solid curve assumes 10−1Hz for the lower cut-off frequency) as a
function of total mass of the system at a fixed luminosity distance of 1 Gpc.
B. Parameter estimation and the detector configurations
1. Parameter estimation
Fisher information matrix [39, 80, 81] approach is a
semi-analytical parameter estimation technique which can
be used to compute the 1−σ error bars on the parameters
characterizing the binary signal. The elements of the
matrix are defined as follows,
Γi j = 2
∫ fupper
flower
(
∂ih˜ ∂ jh˜∗ + ∂ih˜∗ ∂ jh˜
) d f
S n( f )
, (2.1)
where we denote the frequency domain gravitational wave
form as h˜ and its partial derivative with respect to the ith
parameter characterising the binary system as ∂ih˜ (here,
∂ih˜∗ is the conjugate of ∂ih˜). In our case the set of pa-
rameters in the signal manifold which characterise the
compact binary consists of,
−→
θ =
{
M, δ, χ1, χ2, κs, λs, tc, φc
}
, (2.2)
where tc, φc are the time and phase at coalescence andM
and δ are the chirp mass and the asymmetric mass ratio
of the system 2 and χ1, χ2 are the magnitudes of dimen-
sionless spin parameters 3. Spin-induced quadrupole and
octupole moment parameters of the binary system are κs
and λs respectively which are the symmetric combinations
of the quadrupole and octupole coefficients of the binary
components defined in Sec. I. The 1 − σ error bars on
each parameter, given in Eq. (2.2), under the assumption
that the noise in the detector is stationary and Gaussian,
2 These mass parameters related to individual masses of the compact
binary system through the following relations: M = (m1 + m2) ×( m1×m2
m1+m2
)3/5
and δ = m1−m2(m1+m2) .
3 ~χi is related to the spin angular momentum as ~χi= ~|S i |/m2i , where
~|S i | is the spin angular momentum vector and mi is the mass of the
compact object.
and also in the high signal-to-noise ratio limit [80] can be
obtained as, ∆
−→
θ =
√
Γ−1ii . Notice, while estimating the
errors on the symmetric combination of the spin-induced
quadrupole and octupole moment parameters we set the
anti-symmetric combination to be the binary black hole
value, i. e., κa = λa = 0.
2. Detector configuration
Gravitational wave detector noise is characterised by
the noise power spectral density (S n( f ) in Eq. (2.1)). For
the noise power spectral density of LISA we use Eqs. (1-
3) of Babak et al [82] and that of DECIGO and DECIGO-
B are based on Eq. (5) of [64] and Eq. (20) of [57],
respectively.
The lower and upper cut-off frequencies (see Eq. (2.1))
for the analysis are fixed using the following relations,
fupper = min
(
fhigh, fISCO
)
flower = max
(
fmin, f1yr
)
.
For LISA, we fix fhigh as 0.1 Hz and fmin to be 10−4Hz and
for DECIGO, the upper cut-off frequency for the analysis
kept to be 10Hz throughout the study. In order to examine
the effect of the lower cut-off frequency on different DE-
CIGO configurations, we do the analysis for two different
lower cut-off frequencies, 10−1Hz and 10−2Hz. To obtain
the value of fISCO , which corresponds to the innermost
stable circular orbit (ISCO) frequency of Kerr BHs, we
use a fitting formula where we provide the mass and spin
parameters of the initial configuration (constituents of the
binary) and calculate ISCO frequency of the remnant BH
in terms of its mass and spin [1, 39, 83, 84].
We assume the observation starts 1yr prior to the
merger of the event and the time period correspond-
ing to this is calculated using the expression, f1yr =
fupper
(
1 + m1 m2(m1+m2)3 6.6 × 104 T−1
)− 38 , where T is fixed to
be 1yr (in seconds) [85]. Left panel of Fig. 1 shows
the noise PSDs of LISA and DECIGO configurations,
4whereas the right panel shows the variation of signal-to-
noise ratios with the total mass of the compact binaries in
their frequency bands.
III. RESULTS AND DISCUSSIONS
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FIG. 2: Errors on spin-induced quadrupole moment parameter
(∆κs, solid curves) and octupole moment parameter (∆λs, dashed
curves) as a function of total mass of the binary system which
is assumed to be located at a luminosity distance of 1 Gpc with
spin magnitudes (0.6, 0.3) and mass ratio of 2. Red, orange
and black curves respectively show the results obtained when
we consider DECIGO-B, DECIGO and LISA configurations.
We assume 1yr of observation time for all the three detector
configurations.
In order to study how well one can constrain the spin-
induced quadrupole and octupole moment coefficients us-
ing space-based detectors, we perform Fisher information
matrix analysis on compact binaries with different masses
and spins. We also investigate the possibility of constrain-
ing the non-Kerr geometry by mapping the spin-induced
quadrupole moment measurements to the quasi-Kerr pa-
rameter introduced in Ref. [86].
A. Testing the nature of intermediate-mass and
supermassive binary black holes
We consider two scenarios in order to demonstrate
the method of testing the binary black hole nature of
intermediate-mass and supermassive binary black holes.
Firstly, we obtain the errors on spin-induced quadrupole
and octupole moment parameters of the compact binary
as a function of the total mass of the system keeping
the spin magnitudes, mass ratio, location and orientation
fixed. Secondly, we investigate the applicability of this
test for an astrophysical population of intermediate-mass
and supermassive binary black holes assuming certain
probability distributions for extrinsic and intrinsic param-
eters.
1. Errors as a function of total mass of the binary system
We examine the possibility of constraining the Kerr
nature of the compact binary system constituting super-
massive binary black holes and intermediate-mass binary
black holes in this section. In Fig. 2, we show the errors
on spin-induced quadrupole (solid curve) and octupole
moment (dashed curve) parameters as a function of the
total mass of the system, where we fix the mass ratio
(m1/m2) to be 2 and the dimensionless component spins
(χ1, χ2) to be (0.6, 0.3). Red and orange curves in Fig. 2
show the errors corresponding to intermediate-mass black
holes (which DECIGO-B and DECIGO are more sensi-
tive to) and the black curves correspond to supermassive
black holes (which LISA is more sensitive to). As we
can see from the figure, errors on both the parameters
decrease as a function of total mass initially (irrespective
of the detector configuration assumed) and then increase.
This is because of the combined effect of the signal-to-
noise ratio and the inspiral truncation frequency of the
analysis. As the total mass increases, signal strength for a
binary system with fixed location and orientation in the
sky increases, but the number of cycles in the detector
band decreases as the upper cut-off frequency decreases,
which is inversely related to the total mass.
2. Errors from an astrophysical population of binary systems
Results shown in Fig. 2 are not enough to completely
assess the capabilities of LISA and DECIGO to carry out
the test of Kerr nature, as they correspond to certain repre-
sentative binary configurations. Hence in this section, we
simulate a population of binary black holes that may be
detected by LISA and DECIGO and obtain the fraction of
the total population this test would yield good constraints
for. In Fig. 3 we show the cumulative distribution of er-
rors on spin-induced quadrupole and octupole moment
coefficients (left and right panels) of the binary system
obtained from this binary population study. We consider
three detector configurations- DECIGO, DECIGO-B and
LISA here. The sources are populated log-uniformly in
the binary black hole masses, m1 and m2, the mass range is
chosen appropriately for the respective detectors and it is
between 102 − 105Mfor DECIGO and for LISA the com-
ponent mass is random drawn between 105 − 107M. The
dimensionless spin parameters χ1 and χ2 are distributed
uniformly between -1 to 1. The sources are assumed to be
distributed uniformly in the comoving volume up to a red-
shift of 1 with isotropic in the orientation and polarisation
sky.
We find that the errors on spin-induced quadrupole coef-
ficient is consistently smaller than that of the octupole for
the entire population and for all detector configurations.
This is expected as octupole is sub-leading with respect
to the quadrupole. We see that for 8% of the simulated
population, DECIGO-B with a lower cut-off frequency
of 10−1Hz ( f1), has errors on both the spin-induced mul-
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FIG. 3: Cumulative distributions of errors on the spin-induced quadrupole and octupole moment coefficients for an astrophysical
population of compact binary systems chosen (see Sec. III for more details). Three detector configurations, LISA, DECIGO-B
and DECIGO are considered. We choose two different lower cut-off frequencies for DECIGO-B which are 10−1Hz and 10−2Hz as
denoted as f1 and f2 in the figure labels.
tipole moments ≤14. This percentage increases to 18%
with the lower cut-off frequency changing to 10−2Hz ( f2).
From the total population, 89% of the sources give er-
rors ≤1 when we consider DECIGO with a lower cut-off
frequency of 10−2Hz. This improvement in the error es-
timates is also evident from the orange curves in Fig. 3
as the errors on κs and λs are . 2 and . 10 respectively
for almost whole population. For LISA, 13% of the corre-
sponding simulated population has both ∆κs and ∆λs to
be ≤1. This implies that spin-induced multipole moment
coefficients of SMBBHs as well as IMBBHs can be con-
strained well for a subpopulation of binary systems using
LISA, DECIGO and DECIGO-B detectors respectively.
B. Bounds on the quasi-Kerr parameter from
intermediate-mass ratio compact binary inspirals
Intermediate-mass binary black holes are one of the
best detectable sources for the space-based gravitational
wave detectors. A subset of these sources are those with
mass ratios ∼ 20 − 100 called intermediate-mass ratio
inspirals. In such sources the dynamics of the lower mass
component will be mostly dictated by the space-time of
the larger object. Hence, by monitoring the system either
gravitationally or electromagnetically one would expect
to get information about the signatures of the central body
space-time [67]. In order to test the Kerr nature of the
SMBH at the galactic center, Sagittarius A* [87], there
have been many studies where this idea is used [86, 88].
The main goal here is to test the Kerr nature of the black
hole using the property that all the higher order multipole
moments of Kerr black holes are specified by mass and
spin [89]. One could also consider models where non-
Kerr geometries are studied in detail. Following the quasi-
Kerr formalism developed in [66], we re-parameterize the
quadrupole moment coefficient in such a way that it can
4 ∆κs and ∆λs ≤1 corresponds ≤ 100% errors on these parameters.
account for the deviation from the Kerr nature.
We introduce the deviation parameter to the quadrupole
moment term as following [66],
Q = −χ2 m3 −  m3 = −χ2 m3
(
1 +

χ2
)
(3.1)
where  is the dimensionless quasi-Kerr parameter and
the value is zero for Kerr black holes. From Eq. (3.1),
the spin-induced quadrupole moment coefficient (κ) can
be identified as
(
1 + 
χ2
)
. We rewrite the post-Newtonian
waveform model described in Sec. II in terms of
(
1 + 
χ2
)
instead of κ and obtain the errors on  by constructing
the Fisher information matrix, keeping the spin-induced
octupole moment values to be unity. Hence our param-
eter space reads as,
−→
θ =
{M, δ, χ1, χ2, , tc, φc}. For
the analysis here, we consider intermediate-mass ratio
inspirals with mass ratio 50 and the spin of the secondary
companion of the binary is ignored.
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FIG. 4: Errors on the quasi-Kerr parameter  as a function of
total mass for a binary system with mass ratio 50 for DECIGO-B
(red curve) and LISA (black curve). Dashed and solid curves cor-
respond to slowly spinning (χ1 = 0.1) and moderately spinning
(χ1 = 0.5) cases, respectively.
In Fig. 4, we show errors on quasi-Kerr parameter, 
6(given in Eq. (3.1)), as a function of the total mass of
the binary system. The red and black curves show the
results from DECIGO-B (10−1Hz lower cut-off frequency)
and LISA detectors, respectively. In order to see the
effect of spin magnitude of the central black hole on the
measurements of , we choose a slowly spinning system
(χ1 = 0.1) as well as a moderately spinning system (χ1 =
0.5), represented by dashed and solid lines in Fig. 4.
We see that the typical errors on  is ∼ 0.07 (∼ 0.18)
for a moderate (low) spin system when we choose an
intermediate-mass ratio inspiralling system with total
mass 104M. A system with total mass 103M has er-
rors ∼ 0.05 for both the spin values. On the other hand,
the error is ∼ 0.03 (∼ 0.06) when we consider moderately
(slowly) spinning system for an intermediate mass ratio
binary of total mass 106M, detectable in LISA band. Pre-
sumably, the features in the Fig. 4 as a function of total
mass are primarily due to the difference in the waveform
model we use here compared to the one in the previous
subsection, as in this case we work with high mass ratios
and also the companion is assumed to be non-spinning.
One can also notice from Fig. 4 that for high mass case,
highly spinning systems give better errors on  compared
to slowly spinning systems for both the detector configu-
rations. The crossing over behaviour between the curves
in the low mass region may be due to different mass-spin
dependences of of the spin-induced quadrupole moment
parameter Q which appear in the waveform and contains
the parameter .
IV. CONCLUSIONS
In this analysis, we investigated the possibility of test-
ing the Kerr nature of intermediate-mass and supermas-
sive binary black hole systems using space-based gravi-
tational wave detectors. From the measurements of spin-
induced multipole moment coefficients we find that the
space-based gravitational detectors LISA and DECIGO
are excellent probe for the tests of Kerr nature of the com-
pact binary systems composed of intermediate-mass and
supermassive binary black holes respectively. Compared
to the basic DECIGO (DECIGO) configuration with a
conservative lower cut-off frequency, the performance of
DECIGO configuration is found to be improved for the
entire parameter space.
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